We use the Millennium and Millennium-II simulations to illustrate the Tessellation-Level-Tree (TLT), a hierarchical tree structure linking density peaks in a field constructed by voronoi tessellation of the particles in a cosmological N-body simulation. The TLT uniquely partitions the simulation particles into disjoint subsets, each associated with a local density peak. Each peak is a subpeak of a unique higher peak. The TLT can be persistence filtered to suppress peaks produced by discreteness noise. Thresholding a peak's particle list at ∼ 80 ρ results in a structure similar to a standard friend-of-friends halo and its subhaloes. For thresholds below ∼ 7 ρ , the largest structure percolates and is much more massive than other objects. It may be considered as defining the cosmic web. For a threshold of 5 ρ , it contains about half of all cosmic mass and occupies ∼ 1% of all cosmic volume; a typical external point is then ∼ 7h −1 Mpc from the web. We investigate the internal structure and clustering of TLT peaks. Defining the saddle point density ρ lim as the density at which a peak joins its parent peak, we show the median value of ρ lim for FoF-like peaks to be similar to the density threshold at percolation. Assembly bias as a function of ρ lim is stronger than for any known internal halo property. For peaks of group mass and below, the lowest quintile in ρ lim has b ≈ 0, and is thus uncorrelated with the mass distribution.
INTRODUCTION
In the current standard paradigm for cosmological structure formation, the concordance ΛCDM model, cold dark matter (CDM) dominates the cosmic mass budget and gravity drives structural evolution from the low-amplitude, gaussian fluctuation field visible in the cosmic microwave background radiation to today's highly structured, nonlinear network, the cosmic web (Shandarin & Zeldovich 1989; Bond et al. 1996) . At late times this evolution occurs within a universe where the expansion is being accelerated by dark energy in the form of an effective cosmological constant, hence the Λ in ΛCDM. The cosmic web is built of overdense filaments and sheets which link dense, centrally concentrated structures called haloes. These form through anisotropic gravitational collapse and are the birth-places and current hosts of galaxies (White & Rees 1978) . In the inner regions of haloes, dark matter densities reach values exceeding the mean by many orders of magnitude (e.g. Pandey et al. 2013) .
This hierarchy of structures, subhaloes embedded in E-mail: pb@pbusch.net larger haloes which are in turn embedded in the cosmic web, is usually investigated with the help of cosmological simulations (see Bagla 2005; Trenti & Hut 2008; Frenk & White 2012 , for reviews). In recent years such simulations have increasingly included hydrodynamical modelling in order to treat the evolution of the baryonic components in addition to that of the dark matter (Schaye et al. 2015; Vogelsberger et al. 2014; Khandai et al. 2015; Dubois et al. 2016; Pillepich et al. 2018) . A wide variety of algorithms have been used to identify galaxies, galaxy clusters and the cosmic web within such simulations. In particular, since dark matter haloes play such a central role, a large number of halo-finders have been developed. While all have the same goal, they differ significantly in approach; the intrinsic complexity of cosmic structure results in each identifying a halo population with somewhat different characteristics. For example, two of the oldest and most basic halo-finders are the friends-of-friends (FoF) (Davis et al. 1985) and spherical overdensity (SO) (Lacey & Cole 1994) algorithms. The former often links almost disjoint haloes with low-density bridges which may sometimes reflect discreteness noise rather the true cosmic web. Such composite "haloes" are much less prominent in catalogues constructed with the SO algorithm, but these are geometrically biased by the spherical boundary which it imposes. Most more modern halo finders explicitly address halo complexity by attempting to identify all subhaloes within each halo, where a subhalo is defined to contain a single significant local density peak. Subhaloes may defined in 3D configuration space, as in algorithms such as subfind (Springel et al. 2001) and adaptahop (Aubert et al. 2004 ) and in the Tessellation-Level-Tree (TLT) studied here, or in 6D phase space as in rockstar (Behroozi et al. 2013 ). These algorithms are often supplemented by additional criteria such as requiring subhaloes to be gravitationally self-bound (e.g. Springel et al. 2001; Behroozi et al. 2013) or temporally persistent (e.g. Han et al. 2012 Han et al. , 2018 . A more complete discussion of these issues and others can be found in Knebe et al. (2013) A halo finder which has many commonalities with our TLT is voboz (Neyrinck et al. 2005) which uses a Voronoi tessellation of the simulated particle distribution to estimate a density field, which is taken to be uniform within each cell and inversely proportional to its volume. voboz then identifies local density peaks and binds to them all mutually neighboring cells that lie above a user-selected density threshold. 1 Most applications of halo-finders only consider objects defined above a density threshold which is far above the typical density of the cosmic web, thereby clearly distinguishing haloes from their environment. While this is sufficient to characterise the haloes themselves, and allows quantification of certain aspects of their large-scale spatial distribution (e.g. Sheth & Tormen 1999) , it is neither able, nor tries, to capture the morphology of the transition to the cosmic web or of the web itself.
Just as for halo-finders, there is a plethora of algorithms which identify variously defined versions of the cosmic web (see Libeskind et al. (2018) for a discussion). While the detailed definitions differ, the primary aim of all of these algorithms is to define a space-filling filamentary network from the matter density field. In many cases, the classification also extends to find nodes of the network, as well as walls spanning between filaments, and voids surrounded by the network. Unlike the TLT we present below, these algorithms typically use a subsample of the simulation particles and/or a gridded or otherwise smoothed density field.
Knowledge of the cosmic web and its morphology has two main uses. On small scales it allows the environment of galaxies to be characterised, and thus furthers our understanding of the interplay between environment and galaxy formation from both observational (eg. Kraljic et al. 2018) and theoretical (eg. Borzyszkowski et al. 2017 ) points of view. On larger scales quantifying the morphology of the web may give information about cosmological parameters and the initial conditions for structure formation (see, e.g. Shim et al. 2014; Lee & Hoyle 2015; Massara et al. 2015; Kreisch et al. 2019) .
Perhaps the simplest way to characterise the connection between halo properties and the larger scale environment is through the dependence they induce in the two-point statistics of halo clustering. It has long been known that the strength of halo clustering increases with halo mass (see e.g. Kaiser 1984; Mo & White 1996) so that haloes are biased tracers of the underlying matter distribution. More recent work has shown, however, that halo clustering depends not only on mass, but also on additional structural properties such as concentration, shape, spin velocity anisotropy and substructure content (Gao et al. 2005; Wechsler et al. 2006; Gao & White 2007; Dalal et al. 2008; Faltenbacher & White 2010; Lazeyras et al. 2017) . Because such properties depend on how haloes are assembled, this effect has become known as halo assembly bias.
This paper aims to link haloes to the cosmic web and to larger scale structure by tracing the connectivity of the density field from the highest to the lowest densities in N-body simulations. For this we estimate each particle's density using the volume of its Voronoi cell, and we group particles into objects by connecting them over shared Voronoi cell faces. We begin by describing how this enables us to put all particles into a hierarchical tree structure, the Tessellation-Level-Tree (TLT), which uniquely connects each particle to a local peak and each peak to a higher peak of which it can be considered a subpeak. The method itself is presented in Section 2 where we also explain how the peak list can be persistence filtered to exclude noise peaks and thresholded to produce halo/subhalo catalogues similar to those of standard group-finders. We then use the TLT to investigate the percolation of density level surfaces and the properties of the cosmic web, which we define as the largest connected object above a percolating level surface Section 4. In the following section (Section 5) we study halo abundance as a function of limiting density, and compare with the result found using a standard FoF algorithm. Next we briefly showcase two applications of the TLT that will be discussed in follow-up papers: the study of the mass-density distribution within haloes as a function of their mass (Section 6) and the remarkably strong assembly bias signal that we find as a function of the saddle-point density at which a halo is connected to a larger object (Section 7). Finally, we summarise our conclusions.
METHODOLOGY
The first part of this section (Section 2.1) describes the construction of the Tessellation-Level-Tree and defines a number of peak properties derived from it. It ends with a quick review of the terminology used for objects in the remainder of our paper. Some of the peaks in the raw TLT can be considered as reflecting discreteness noise in the way the simulation particles sample an (assumed smooth) underlying density field. In Section 2.2 we consider both Voronoi and Delaunay tesselations as possible bases for estimating the density local to each particle, finding the former to be significantly lower noise for our purposes, as judged by tests on Poisson-distributed point distributions. We then define a persistence criterion to filter out the peaks most likely to be "spurious". In Section 2.3 we describe how the TLT can be used to catalogue a variety of objects, some more, some less similar to the haloes and subhaloes defined by standard group-finders. In Section 2.4 we then define various proper-ties of these objects that can easily be computed using the TLT.
The Tessellation-Level-Tree
The Tessellation-Level-Tree (TLT) is a structure defined on a spatial distribution of points, for each of which a density value and a neighbour list is given. In this paper the points will always be the 3D positions of the full particle set of an N-body simulation. The algorithm finds all density peaks, defined as particles which are denser than all their neighbours. It then partitions the full particle list into disjoint subsets, one associated with each peak, and orders the points by density within each subset. Finally, each peak (except the highest) is linked to a higher peak of which it can be considered a subpeak. Particles assigned to a particular peak all have density higher than that at the highest saddle point linking that peak to a higher peak and so can be considered as the particle set surrounding the peak and enclosed by a level surface at this saddle-point density. The resulting tree structure links all particles in the simulation and is unique as long as there are no duplicates in the set of density values.
Throughout this paper, except briefly in Section 2.2, we estimate densities for each particle using a Voronoi tessellation generated from the particle positions. The inverse of the volume of the Voronoi cell of each particle serves as our density estimate. The faces of the cells give us the connectivity on this unstructured grid, in the form of a neighbour list for each particle. The tessellation is performed by the routines of the AREPO code (Springel 2010) which are efficient enough to tessellate all 10 10 particles of the Millennium Simulations in a moderate amount of CPU time.
A schematic of the method is presented in Figure 1 . From the particle positions we obtain the tessellation structure (Section 2.1.1). This structure provides us with a density estimate for each particle and a neighbourhood in the form of a list of neighbours from which we construct the hierarchical set of peaks (Section 2.1.2).
Tessellation
The formal basis of the TLT is the unweighted Voronoi tessellation (VT) T in position space of the simulation particles P whose positions act as its generators. The cells of the tessellation are the regions in this space to which a given generator is closest in Euclidean distance. This construction leaves us with cells in the shape of convex polytopes. As we are using periodic boundary conditions all these polytopes will be of finite extent.
For this set of polytopes P we use the volumes V to define particle densities
and the shared faces to define a set of connections E. Particles are considered neighbours if their cells share a face. For the following we impose a strict density ordering on the full particle set of the simulation. While in practice it is very unlikely to find two particles with exactly the same attributed volume, this probability is not zero due to the finite computational precision. In case we do find two particles with the same density, we rank them randomly among themselves. We do not expect such degeneracies to affect any real applications as the available state space in units of the granularity imposed by numerical precision is simply too large, especially given that we use double precision floating point arithmetic.
Peak Tree Construction
We traverse the full list of simulation particles in order of decreasing density starting from the highest density particle in the simulation. A single traversal is sufficient to construct the full TLT. The procedure can also be reversed, starting from the least dense particle and proceeding in order of increasing density. This would produce a hierarchical tree linking all particles to local minima, similar to ZOBOV (Neyrinck 2008). We do not pursue this farther in this paper. A peak πm = (i, πn, k) is an object with a first particle i ∈ N N part 1 , a parent peak πn (initially πm itself) and a last particle k (initially i). Both m and n are indices from the set i ∈ N N peak 1 , assigned in order of decreasing peak density. For each particle j we keep two numbers, the peak πm it belongs to and nj the next particle (in order of decreasing density) in a link list connecting to that peak. One could also keep the rank of the previous particle in the peak's list to produce a doubly linked list that can be traversed in both directions.
We scan all particles in the simulation once, from highest to lowest density rank. For each particle j we examine the ranks of its neighbours. One of two cases then applies:
(i) If the rank of the particle is higher than those of all its neighbours, we create a new peak object πm which represents a local maximum and is initiated with its first particle i = j.
(ii) Otherwise, there are one or more neighbours with a higher rank. These particles will have been processed before the current one and will already have been assigned to a peak. We assign the current particle to the highest-ranked of these peaks. We also set it as the next particle n j = j for all higher neighbours j which do not already have this link set to another particle. This leaves us again with two possible cases:
(a) If all higher ranked neighbours belong to the same peak, the particle is assigned to this peak.
(b) If there are higher neighbours belonging to different peaks, the current particle represents a saddle between these peaks. (By virtue of the strict ordering, each peak has a highest density saddle that is processed first.) The particle j is then assigned to the highest of these peaks, which is marked as the parent of all the lower ones. The particle sets for the lower peaks are now complete and they can be considered as subpeaks of the highest one.
(iii) The last particle index of the peak to which particle j has been assigned is set to j.
Each of the peak look-ups in this process is a actually a recursive operation that follows the chain of parent-subpeak links until it reaches a peak which is still considered as its own parent, i.e. is currently an independent peak. As the level surfaces start percolating, fewer and fewer independent peaks remain, until finally all peaks are (often indirect) children of the global maximum, the ultimate root of the TLT.
A 1D example of this hierarchical segmentation process is given in Figure 2 . The accompanying peak tree is given in Figure 3 .
Further physical properties of peaks are easily accumulated during construction of the TLT, or can be calculated from it in post-processing. The simplest ones are the mass M (πm), volume V (πm) and the resulting mean density ρ(πm) associated with the peak πm:
(2)
Here the mass and volume of a peak exclude contributions from its subpeaks. If desired, these additional contributions can easily be included by using the tree structure to enumerate all subpeaks so that their mass and volume can be added to those of the main peak. This TLT structure also allows for the very quick calculation of the properties of objects defined to be enclosed by any chosen density level surface. For each peak whose density range brackets the threshold, one simply follows the next-particle chain until the threshold is reached, and then, if required, adds the contribution of all subpeaks that join the main peak above this threshold. This will be used when we present various halo definitions in 2.3.
Summarizing this section, we construct a decomposition
Schematic of the decomposition of a 1-D density distribution into peaks labelled alphabetically in decreasing peak density order and for three thresholds T 1 through T 3 . The resulting tree structure is shown in Figure 3 . Figure 2 of the set of particles in an N-body simulation into disjoint peaks, each a set of particles. Each peak consists of all particles that are assigned to that peak and are reached from its peak particle when traversing the linked list that leads away from it in descending density order. Each peak has a range in density from that of its peak particle down to (but not including) that of the first particle in the linked list which has an ascending path (and so is assigned) to a higher density peak, the saddle particle. The density of this saddle particle is a lower bound to densities in the peak and therefore sets its limiting density ρ lim . The peak that the saddle particle is assigned to becomes the parent of the peak under consideration. The hierarchical data structure created in this way can be used to find halo properties for many different halo definitions, as detailed in 2.3.
Persistence and the Choice of the Density Estimator
The discretisation of a smooth density field by particles, as in an N-body simulation, can lead to problems when estimates for the underlying field are constructed from the particle positions. Such estimates typically show many lowamplitude peaks caused by sampling noise. The character of this noise is not immediately evident in our case, since in low-density, single-stream regions N-body particle distributions are typically subrandom (i.e. have lower variance than a Poisson process) because of the grid or glass distributions used for the initial particle load. At higher densities, however, and particularly inside halos, Poisson sampling is expected to be a good model and discreteness noise produces many weak local peaks. In this section we analyse discrete samples from spatially uniform or slowly varying Poisson processes to show how almost all such peaks can be eliminated by pruning the TLT to retain only sufficiently persistent peaks (see Neyrinck et al. 2005; Neyrinck 2008 , for closely related noise suppression procedures). A related problem which we do not address in this paper is that on the boundaries between single-and multi-stream regions, caustics lead to sudden density jumps and the tessellation techniques we employ then produce significantly biased estimates of the local density (see the detailed discussion in Abel et al. 2012 , particularly that around their Fig.13 ).
We have tested two different estimators for the density at the particle positions, one based on the Voronoi tessellation (Equation 1), the other on its dual, the Delaunay tessellation. The Delaunay estimator, as introduced by Schaap & van de Weygaert (2000) , is similar to the Voronoi case already described, but takes the volume associated with each particle to be one quarter of the sum of the volumes of its adjacent Delaunay tetrahedra:
where C is the set of Delaunay tetrahedra which have a vertex on the given particle. Since each tetrahedron is spanned by four particles, this distributes the complete volume of the simulation over the particles, as in the Voronoi case. We define the persistence r of a peak as the ratio of its peak density to its limiting density. We then filter the TLT by requiring all peaks to have persistence larger than some threshold. If a peak fails this criterion, it is removed from the hierarchy and all its member particles are are inserted at the appropriate points in the density-ordered link list below the parent peak. Assuming that "true" peaks are usually more persistent than "noise" peaks, this can remove most of the latter while losing only the weakest of the former. Note that in order to allow consistent construction of objects containing only particles above a chosen density threshold, it is necessary to assign each particle in a filtered TLT an additional variable, namely the density rank k of the saddlepoint particle of its original peak in the unfiltered TLT (see Section 2.3).
To estimate the threshold needed to eliminate almost all noise peaks, we have studied the effect of filtering on the TLT constructed for 10 7 Poisson-selected points inside the unit cube when the Voronoi and Delaunay density estimators are used and periodic boundary conditions are assumed.
We consider two cases for the underlying smooth density field, one where it is uniform and the other where it has the form ρ ∝ (1 + 0.3 sin 2πx)(1 + 0.3 sin 2πy)(1 + 0.3 sin 2πz). Since there is no true maximum in the first case and only one in the second, essentially all peaks found by the TLT can be considered as noise peaks in both cases. Before filtering, 7.319% and 8.280% of the particles are identified as peaks in the Voronoi and Delaunay cases, respectively, for the uniform underlying field. For the non-uniform field these numbers are 7.313% and 8.283%, respectively, showing that the abundance of noise peaks is insensitive to large-scale gradients in the underlying density. 2 In Figure 4 we show the fraction of particles which are identified as peaks after filtering out all peaks with persistence smaller than r.
We find that the Delaunay estimator results in a longer tail of noise peaks than the Voronoi estimator. For both, we find an asymptotically power law-like tail in the probability P (r > r) that the persistence r of a peak exceeds a given threshold value r. While this probability drops roughly as r −2.2 for the Delaunay estimator, it drops as r −4.6 for the Voronoi estimator. The behaviour is essentially identical for the cases with and without an underlying large-scale density gradient. Based on these results we will adopt the Voronoi density estimator for the rest of this paper and use a threshold of r th = 10 when we wish to filter out noise peaks. This results in the elimination of 99.95% of all noise peaks. at least in situations analogous to those of Figure 4 .
The difference in behaviour between the Delaunay and Voronoi estimators can be clarified if one takes a look at the distribution of absolute and relative densities for pairs of neighbours. A 2D scatter plot of this distribution is given for our uniform Poisson test case, together with its 1D marginal distributions in Figure 5 . We find that the marginal distributions of both variables are noticeably broader and have substantially longer tails in the Delaunay case. In both cases there is only a weak correlation between the variables. This result might seem surprising, since the volume used in the Delaunay estimator is, on average, four times larger than that used in the Voronoi estimator, suggesting that the variance induced by the underlying Poisson point distribution might be four times smaller. Wald's equation and the Blackwell-Girshick equation (Blackwell & Girshick 1946) give us the relative standard deviation σ(VD)/ VD of the sum of N = 27.1 ± 6.7 hypothetically independent and identically distributed (iid) tetrahedron volumes using the known normalised single-cell standard deviation σ(VDT )/ VDT ≈ 0.83:
This argumentation is overly naive, however. Both the Voronoi cell volume and the summed Delaunay volume of Equation 5 are determined entirely by the positions of the same set of particles, the Voronoi neighbours used by the TLT. It turns out that the relative standard deviation of the Voronoi cell volume σ(VV )/ VV ≈ 0.42 is smaller than that of the summed Delaunay volume σ(VD)/ VD ≈ 0.56, almost twice as large as for the iid-case considered in Equation 6. In addition, the distribution of VD has longer tails than that of VV , analogous to the result for peaks shown in Figure 4 . 3 For the analysis of the Millennium Simulations which we carry out later in this paper, it is of interest to know what fraction of the final filtered peak catalogue may still be spurious. (The complement of this quantity is often referred to as the catalogue purity.) In Figure 4 we thus show the fraction of all particles in these simulations which are identified as peaks with persistence exceeding r. As expected, this declines much more slowly than in our noise-dominated test simulations, roughly as r 0.3 over the range 10 < r < 100. Interestingly, the total peak fraction (i.e. for r > 0) is slightly lower in the Millennium Simulations than in our tests, suggesting that the strong gradients associated with the true clustering have somewhat suppressed the noise peak abundance. At large r, the peak fraction in the MSII is about 30% lower than in the MS, reflecting the smaller fraction of the total mass in peaks with individual mass close to the resolution limit. For r > 10, the filter we adopt below, the fraction of particles which are peaks is more than two orders of magnitude smaller in the Voronoi test simulations than in either Millennium Simulation, suggesting that their filtered peak catalogues are more than 99% pure.
Note that this filtering approach will necessarily lead to the exclusion of some low amplitude but legitimate peaks, in addition to the noise peaks we are trying to eliminate. We investigate and quantify this issue further in Section 5.2 using our cosmological simulation data. The only way to mitigate this problem is to choose a moderate persistence filter and to focus on issues which depend primarily on high-contrast peaks. We consider r th = 10 as an acceptable compromise for most purposes, but will use the unfiltered TLT for some analyses where filtering introduces problems.
Halo Definitions
The TLT enables halo catalogues to be constructed according to a number of halo definitions, depending on the choices made for various parameters. The first is the persistence threshold r th , which we have just discussed. Once this is chosen, every peak particle in the filtered TLT corresponds to an "unthresholded" object similar to a SUBFIND subhalo in that it contains all particles associated with the peak, and all of these have ρ > ρ lim , where ρ lim is the density at the highest saddle point connecting to a higher peak and varies from object to object. Alternatively, one can choose a density threshold and consider haloes to consist only of higher density particles. In this case, only objects with peak density above threshold are retained, those with ρ lim below threshold corresponding to main haloes and the rest to subhaloes. Finally for both unthresholded and thresholded haloes (denoted UH and TH below) one can either include Poisson-selected distributions of 10 7 particles within a unit cube, assuming periodic boundary conditions, as well as to the two Millennium Simulations analysed later in this paper. The two test cases assume a uniform underlying density field and one with large-scale gradients and a single true peak. We show the probability P (r > r) that a random particle is identified as a peak with persistence exceeding the threshold r. The abundance of high persistence noise peaks is much lower for the Voronoi than for the Delaunay density estimator, but for both cases it is almost identical for uniform and for slowly varying underlying density distributions. The (Voronoi) peak distribution for the two Millennium Simulations is more than 99% pure for r > 10 or exclude subhaloes when enumerating the particle content (denoted UH + , UH − and TH + , TH − below). As we will see, a definition thresholded at about 80 times the mean density and including substructures (TH + (80)) produces haloes very similar to the standard FoF algorithm.
Unthresholded Haloes
Each UH + is made up of all particles enclosed by a level surface at its limiting density, ρ lim . Its mass and volume are thus the sums of the masses and volumes which the TLT assigns to the main peak and all its subpeaks. In contrast, the particle content, mass and volume of a UH − are identical to those assigned to its peak particle by the TLT. The tree in Figure 3 contains seven UHs in either definition. Each UH + contains all peaks below it in the tree, so that G is a UH on its own (as it is lacking substructure, UH + and UH − are identical in this case) but is also included in the UH + 's C and A. The UH − 's, on the other hand, are a disjoint partition of the mass, and so correspond to the seven different coloured areas in the figure.
A UH can span a density range lying anywhere within the full density range of the simulation provided the ratio of its maximum and minimum densities exceeds the adopted persistence threshold. Indeed, the UH associated with the highest peak always spans the full density range of the simulation. When compared to the objects identified by a standard halo/subhalo finder, an individual UH may correspond to a subhalo, to a main halo together with some surrounding material, or may not appear at all if its peak density lies below the density threshold bounding the "classical" haloes.
Thresholded Haloes
For any given threshold density, every peak with peak particle density above threshold and limiting density below threshold corresponds to a thresholded halo (TH). In the TH − case this halo consists of all particles in the link list below the peak particle which have density exceeding the threshold. In the TH + case, it additionally contains all particles in subpeaks that join the main peak (i.e. have saddlepoint density ρ lim ) above threshold. For filtered TLT's, particles which have been added to the link list as a result of suppression of a low-persistence peak, should only be included in the TH if the limiting density of their original (pre-filtering) peak is above threshold. This definition establishes TH + 's as the material enclosed by isodensity bounding surfaces which follow the faces separating pairs of Voronoi cells with densities on opposite sides of the threshold.
As an example, the 1D density structure in Figure 2 would give the thresholded peak sets (and therefore TH − sets) {A,C,E}, {A,C} and {A} for the thresholds T1, T2 and T3, respectively. If we include the substructures to obtain the TH + definitions the sets would be {A+B+D,C+F,E}, {A+B+D+E,C+F+G} and {A+B+C+D+E+F+G}. In each of these cases only the part above threshold would be included for peaks which extend to lower densities. If the TLT were filtered so that only the largest peaks, A and C, pass the persistence threshold, then all particles from E would be included in the TH + for A at thresholds T2 and T3 but none of them at T1. All particles from B and D would be included in A, and all particles from F included in C for all thresholds. All particles from G would included in C for the lower thresholds but not for T1.
For thresholded haloes, the formulae for peak mass (Equation 2) and volume (Equation 3) can be used as before, provided the sums are extended only over particles with densities above ρ thresh , and for which, in the case of particles added to the link lists as a result of persistence filtering, the limiting density of the original (pre-filtering) peak is also above threshold. The mean density in Equation 4 should then also use these modified quantities.
The FoF algorithm also defines haloes to be connected objects above a given bounding density which it estimates crudely using the nearest neighbour distance. As a result it, produces haloes quite similar to our TH + 's for suitably matched FoF linking length and TLT density threshold. The differences in density estimate and neighbour definition mean that the correspondance is far from exact, however. We describe this in more detail in 5.1.1. A closely related discussion can be found in More et al. (2011) .
Derivative Quantities
The structure of the Tessellation-Level-Tree and the information it contains about the density at the position of each simulation particle allow us to characterise objects selected according to any of the above definitions in a number of new ways, in addition to providing simple summary quantities such as mass, volume and mean density. We discuss some of these additional properties in this paper in order to illustrate the potential of the TLT; they will be explored in more detail in forthcoming publications.
The characterisation of substructure in haloes is easily accomplished, since child peaks of the main halo peak are subhaloes defined in a very similar way to those identified, for example, by the subfind algorithm; the main difference is that here there is no attempt to require them to be gravitationally self-bound. Properties such as subhalo mass, position, velocity, local environment density and internal structure are all easily obtained from the TLT in conjunction with the corresponding simulation snapshot.
When using the TLT to construct density profiles for dark matter haloes, it is easy to include or exclude the mass in substructures, just as for substructure finders such as Subfind or rockstar. As an alternative to standard profiles which average the density in spherical or elliptical shells and quote mean density as a function of radius, the TLT enables construction of profiles of the form M (> ρ) giving the total mass of halo particles for which the local density exceeds ρ. This formulation involves no smoothing of the density field other than that imposed by particle discreteness, and so does not smooth away the high densities in substructures. In addition it makes no assumption about halo shape or internal structure. This is advantageous for some purposes. For example, it allows a much improved estimate of the total dark matter annihilation rate within a halo, since this is proportional to the sum over all halo particles of the product of the particle mass and local dark matter density.
We can also define new measures of halo concentration based on this alternative approach to density profiles. A simple one involves the ratio of the masses above two predefined density thresholds. The larger the mass fraction above the higher threshold, the more concentrated is the halo. This approach has the advantages that it can easily include or exclude the subhaloes 4 and it avoids the often implicit assumption that the halo mass distribution is approximately symmetric or can be fit acceptably by a parametric form such as the NFW profile. For many haloes this parametric form is, of course, a good fit. The new measure can be calibrated to return the standard value of concentration for such haloes by using the NFW formula to calculate the ratio of the masses above the two predefined thresholds and then inverting the obtained mass-ratio -concentration relation.
Sizes, shapes, mean velocities and spins are also easily estimated for all our haloes, including or excluding subhaloes and for any threshold density exceeding their limiting density. Standard methods from the literature can be applied to particle lists obtained from the TLT together with positions and velocities taken from the corresponding simulation snapshot. For example, halo shapes and orientations can be obtained as a function of density threshold using the reduced tensor of inertia method of Allgood et al. (2006) . The following subsections give more detail for some of the properties which are investigated later in this paper using the Millennium simulations.
Density Profiles
Traditionally, the density profile of a simulated object is given as the mean mass density in spherical shells surrounding an appropriately chosen centre, either including all particles, or excluding those that are unbound or are identified as belonging to a subhalo. Thus the profile is a one-dimensional function of the form ρ(r) . While this definition is simple and convenient, it ignores the fact that simulated haloes are far from spherical and contain substantial substructure. It is straightforward to address the first issue, at least partially, by averaging over ellipsoidal rather than spherical shells, but the smoothing of substructure caused by any such averaging can be problematic, most notably when estimating collision or annihilation rates for dark matter particles.
Using the TLT it is easy to construct an alternative one-dimensional profile which makes no assumption about the symmetry properties of the halo and involves no additional smoothing. Since we have a density estimate for every halo particle, we can, for any of our halo definitions, simply construct M (ρ), the total mass in halo particles with individual densities exceeding ρ. As before, when using filtered catalogues it is important to include particles from suppressed "noise" peaks only if the corresponding saddlepoint density is above threshold. For halo definitions which include subhalo particles (i.e. UH + and TH + ) two different schemes suggest themselves.
In the first scheme, particles belonging to a subhalo contribute to M (ρ) only for ρ < ρ lim . The mass as a function of density then jumps by the total mass of the subhalo as ρ crosses its saddle-point density in exactly the same way as the mass enclosed within radius r jumps when r crosses the distance of the subhalo from the centre of its parent. Because of this analogy, we refer to the mass-density profile defined in this way as a pseudo-radial profile (PRP) Mpr(ρ). For a peak πm we then have
where Pm(ρ) is the set of all particles directly connected to πm at densities above ρ, mj is the mass of particle j, and C(m, ρ) is the set of all children π k of πm for which ρ lim,k ≥ ρ. The subhalo masses M (π k ) are defined as in (2). This profile definition applies both to unthresholded and to thresholded objects. Here and in the following, the possible densities are, of course, limited by ρ ≥ ρ lim,m for unthresholded and by ρ ≥ ρ th for thresholded objects.
The second scheme includes each subhalo particle in M (ρ) for all ρ smaller than its own individual density. With this definition M (ρ) is the total mass within the halo boundary for which the local density exceeds ρ, regardless of whether the mass is part of the main halo, of a subhalo, or of a suppressed noise peak. We therefore refer to such a profile constructed for peak πm as its total-mass profile (TMP) Mtot(πm, ρ). It can be expressed as:
where the same definitions as in (7) apply, and, in addition, CS,m is the set of all subpeaks under πm. In the case of thresholded objects (with threshold ρ th ) this last definition has to be altered, as only the subtree set CS,j(ρ th ) of children with ρ lim > ρ th should be included in the second term. This profile provides the information needed to estimate the total dark matter collision or annihilation rates, since these are proportional to the integral of ρMtot(ρ) over the full density range of the halo. If one refrains from including the mass in subhaloes we obtain the main-halo profile (MHP):
where the notation is as in (7). This is also equivalently defined for unthresholded and thresholded objects (i.e. UH − and TH − ). Lastly one can define a mass-density profile specifically for the mass in subhaloes, the subhalo profile (SHP) M sub (πm, ρ). The SHP is simply the difference of the TMP and the MHP:
where the notation is the same as in (8).
Given any fitting formula for the spherically averaged radial density profile, ρ(r), a corresponding mass-density profile of the kind we have been discussing is obtained easily in parametric form if an analytic integral for the enclosed mass is available. For example, the NFW profile of Navarro et al. (1997) is normally written,
where ρcrit is the critical density, and δ and rs are characteristic scales for halo overdensity and radius, respectively. The mass-density profile is then simply
with s = r/rs. A direct inversion to eliminate s from these equations and obtain M (ρ) or ρ(M ) is possible, but yields a rather complex result which we give in Appendix A.
Substructure Fraction
With the profiles introduced in last section we can, for any peak πm, measure the mass fraction in substructure above any density ρ that lies above ρ lim,m and below the density of the peak particle. The ratio of the SHP to the TMP gives the fraction of all mass at such densities which is part of a subhalo,
One has to be careful when comparing this substructure fraction with one defined in the traditional way using radial density profiles. The latter is better approximated by
With this definition the mass of each subhalo is counted all at once when it joins the main object, i.e. when ρ drops to the saddle-point density at which subhalo and halo are linked. This is similar to the way in which traditional definitions include the mass of a subhalo in the total enclosed mass of its parent only for radii exceeding the distance of the subhalo from halo centre. When estimating the total subhalo mass fraction for a halo these two definitions. For unthresholded haloes f sub (πm, ρ lim ) = f sub (πm, ρ lim ) and for thresholded haloes f sub (πm, ρ thresh ) = f sub (πm, ρ thresh ).
Concentration Definitions
In a very general sense the concentration of a dark matter halo characterises the relative amount of matter residing at high densities. Mass-density profiles of the kind introduced above thus lead naturally to a variety of concentration definitions. A particularly simple example takes the fraction of halo mass which lies above some characteristic high density, or, more generally, the ratio M (ρ1)/M (ρ2) of the profile values for two different densities, ρ1 > ρ2. Such a ratio ensures that the concentration measure does not depend on overall mass scale, and that concentration increases with the fraction of halo mass at large density. Thus we can define,
with ρ1 > ρ2 and Mtot as defined in (8). This definition may be particularly appropriate for estimating the DM annihilation signal as it measures the mass at high density in all regions, not just that near the centre of the main halo. For comparison with standard concentration measures based on spherically averaged radial density profiles, a definition based on our pseudo-radial profiles may be more appropriate,
where ρ2 would then be taken to be close to the bounding density of a conventionally defined halo, and ρ1 would be taken to be 10 or 100 times higher. A conversion between concentrations defined in this way and those conventionally obtained from fits to spherically averaged radial density profiles can easily be obtained by integrating the fitting functions over radius and taking the ratios of the enclosed masses within the radii where the density crosses the adopted values of ρ1 and ρ2. We discuss this further for the particular case of NFW concentrations in Appendix A.
Halo Bias
In studies of cosmological structure, the bias parameter b is conventionally defined as the ratio of the clustering amplitude on large scale of some set of tracer objects (e.g. galaxies, haloes or galaxy clusters) to that of the dark matter. In this paper, we will follow Gao & White (2007) and estimate b as the ratio of the halo-dark matter cross-correlation to the dark matter autocorrelation. This procedure has the advantage that the very large number of dark matter particles available in the simulations we use leads to relatively precise bias measurements, even for quite small samples of haloes.
Specifically, we slightly depart from Gao & White (2007) and estimate b as the value that minimises
where ξ hm,i and ξmm,i are halo-dark matter cross-correlation and dark matter autocorrelation estimates in bin i, and our four bins are spherical shells of equal logarithmic width spanning the separation range 6 < r/ h −1 Mpc < 20. Unlike Gao & White (2007) we do not take logarithms of the correlations in the numerator and denominator because, unlike them, we will also have to deal with negative values. We calculate cross-and auto-correlations on a cubic grid with 512 3 cells using nearest grid point deposition. The grid thus has cell size 0.977h −1 Mpc in the larger of our two simulations and is five times smaller in the other. This is sufficient to get precise correlation estimates on the scales where we need them.
THE SIMULATIONS
We have applied the Tessellation-Level-Tree analysis methods outlined in the previous section to the Millennium (MS Springel et al. 2005) and Millennium II (MSII Boylan-Kolchin et al. 2009) simulations. These two 10 10 particle dark-matter-only simulations were carried out assuming a flat ΛCDM cosmology with the parameters given in Table 1 . These were chosen to match the first-year results from the WMAP satellite (Spergel et al. 2003 the shifts are too small to be significant for our purposes. Table 1 also gives some of the numerical parameters defining the simulations, in particular, the total particle number, Npart, the mass of an individual particle, mpart, the sidelength of each simulation's periodic cubic volume, and its Plummer-equivalent gravitational softening, .
The two simulations differ in length resolution by a factor of 5 and in mass resolution by a factor of 125. The larger box provides better statistics on large-scale structure, while the smaller one allows us to check how the quantities we derive are affected by spatial resolution and discreteness noise. As we will show below, there is generally good agreement between the two simulations once noise peaks are filtered out as discussed in Section 2.2.
THRESHOLDED COSMIC WEB
In this section we use the Tessellation-Level-Tree to study the large-scale structure of equidensity surfaces of the cosmic mass density field. While others have used this same Voronoi density estimate to study the one-point density distribution within the Millennium simulations (Pandey et al. 2013; StÃijcker et al. 2018) , we here explore examples of how the TLT enables quantitative study of many geometrical and topological aspects of cosmic structure. In this and later sections we consider the simulated density distributions only at z = 0, but it will clearly be worthwhile also to explore how these aspects of the distribution evolve with time.
Total Mass and Volume
We begin our discussion of the thresholded density field by considering the total mass and volume which lie above threshold as a function of ρ thresh . Both these quantities can be derived from the one-point density distribution and are independent of the geometry of equidensity surfaces. They were already considered in considerable detail by Pandey et al. (2013) . However, they can also be thought of as the sum of the masses of all thresholded haloes (TH + ) as a function of ρ thresh . 5 We recap the results here because they are useful for comparison with the properties of individual large 5 Note that this equivalence holds strictly only if the TLT is not persistence filtered, although differences are very small for the persistence thresholds we use in this paper.
objects which we discuss in the next section. In Figure 6 and Figure 7 blue and orange curves show the fractions of the total mass M and the total volume V above threshold as a function of ρ thresh for the MS and the MSII respectively.
The total mass and volume both increase smoothly with ρ thresh in both simulations, and the differences between them are quite small. The mass fraction is already close to unity at ρ thresh = 100 ρ , with values of 45% and 55% in the MS and the MSII, respectively. By the time the threshold has dropped to the mean, these mass fractions have risen to 72% and 88%. The difference between the two simulations is a direct consequence of the difference in their resolution. The MSII resolves haloes down to a mass limit which is two orders of magnitude lower than in the MS. The material of these low-mass objects is considered to be at low density in the MS but at high density in the MSII. Thus, at every ρ thresh the high-density mass fraction in the MSII exceeds that in the MS. At extremely high resolution, the highdensity mass fraction in a ΛCDM cosmology is expected to be above 90% even for ρ thresh = 100 ρ (Angulo & White 2010).
The total volume above ρ thresh evolves roughly as V ∝ ρ −1 thresh , as is to be expected given the slow change with threshold of M . The slope of V is slightly shallower for the MSII. This is again related to its higher resolution. At low densities (i.e. ρ ∼ ρ ) the boundaries of objects are broadened in the MS by its lower resolution, and this somewhat increases the volume assigned to them. In both simulations we find that just below 0.1% of the total volume has density exceeding 100 ρ , while ∼ 8% and ∼ 6% of the total volume has density exceeding the mean in the MS and the MSII, respectively.
Percolation
In addition to the summed quantities Figure 7 show Mmax and Vmax, the mass and the volume of the most massive individual object as functions of ρ thresh . For comparison, the masses of the second, third, tenth, hundredth and thousandth most massive objects are also given as functions of ρ thresh . In contrast to the smooth and steady behaviour of the total mass and volume, Mmax and Vmax exhibit three distinct regimes, corresponding to two distinct phases separated by a sharp phase transition which occurs as the bounding surface of the largest object percolates. Percolation defines a characteristic density, ρ thresh = ρperc. Since the percolating object can be considered as the cosmic web, we can say that ρperc is the maximum density at which the cosmic web is fully linked.
We first turn our attention to Figure 6 , as the larger MS captures the behaviour in a more pristine way. At densities above ρperc, i.e. before the emergence of the infinite cluster, the highly ranked peaks grow exponentially in mass as ρ thresh decreases and they are linked to neighboring objects of similarly high mass. Such exponential growth is typical for systems approaching percolation. Mergers of two or more similarly massive systems are visible as sudden jumps in mass along these curves. 6 The accelerating growth in mass is visible even for the 1000 th most massive object.
The percolation phase transition happens in the range 6 ρ thresh / ρ 7 and is visible both in Mmax and Vmax. The mass of the largest connected object increases from below 1% to over 20% of the total mass in the simulation for a less than 15% change in ρ thresh . Its volume increases by the same factor from less than 0.02% to 0.4% of the full simulation volume. Immediately after this transition, about one third of the total mass above ρ thresh is contained in the infinite cluster. As ρ thresh decreases further, more and more of the mass and volume at high density are linked to the cosmic web, and Mmax and Vmax approach M and V , respectively. By the end of the depicted range, at ρ thresh = ρ , about 97% of the overdense mass is attached to the percolating structure, and very few independent overdensities remain. At this value of ρ thresh , the (logarithmic) difference between Vmax and the total volume is noticeably larger than the corresponding mass difference, showing that the mean density of the remaining independent objects is considerably lower than that of the web itself.
As can be seen in Figure 7 , the percolation process in the MSII is less pronounced than in the MS. This is a consequence of its 125 times smaller volume. The mass of the second most massive object maximises at about 8% of the total simulation mass at ρ thresh ∼ 8 ρ . As expected, this is similar to the maximum mass of the one hundredth most massive object in the MS and occurs at a similar value of ρ thresh . This leaves little room for the largest object to grow as percolation occurs, and indeed its mass only increases by about a factor of 3, reaching a mass fraction somewhat over 20%, very similar to the immediate post-percolation mass fraction in the MS. This is much smaller than the jump in mass by a factor of 20 seen at percolation in the MS. The contrast is even starker in the shape of the Vmax(ρ thresh ) curve: in the MSII the volume increases less abruptly, and also less smoothly, than in the MS. This again is a consequence of the limited box size which results in poor sampling of the high-mass tail of the halo mass function and in the largest haloes containing a significant fraction of the total simulation mass. Given these limitations, however, the behaviour agrees well with that in the MS. Just as in the MS nearly all the mass and volume above ρ thresh = ρ are part of the percolating object, the cosmic web.
Turning to the n th most massive objects, which are plotted in Figure 6 and Figure 7 for n = 2, 3, 10, 100 and 1000, we find that all the ranks shown for the MS, and all up to n = 10 in the MSII, the mass increase accelerates as percolation is approached, just as for the most massive object. Small number statistics introduce some noise in these trends -the mass of the third-ranked object in the MSII actually decreases just above ρ thresh = 10 ρ as some of the highest ranked objects merge. Such noise effects are clearly larger in the MSII because of its smaller volume. This is also responsible for the wider spread in mass between the various curves in the MSII case. While the 1000 th most massive object in the MS still corresponds to a rich cluster and is in the exponential tail of the halo mass function, this is not the case in the MSII.
Once percolation has taken place, the masses of all but by the highest corresponding peak πm) may change with ρ thresh along these curves Figure 6 . Total mass and volume above a given threshold ρ thresh in the MS ( M and V ) and also the mass and volume in the most massive object (Mmax and Vmax). Masses are, in addition, shown as a function of ρ thresh for the second, third, tenth, hundredth and thousandth most massive objects (as identified on the colour bar). While the global quantities vary smoothly, a clear phase transition is visible in the other curves over the range 6 ρ thresh / ρ 7 as many of the largest objects join together to form a single percolating structure. This structure can be considered as defining the cosmic web. largest object become smaller and smaller as massive objects are joined to the cosmic web. it. In some cases intermittent increases in mass are visible for the highest mass objects as they connect to other objects in their immediate environment before linking to the web itself, but overall the decline in mass is very rapid. Almost all massive objects are incorporated into the web at ρ thresh values relatively close to the percolation value (see Section 5 below).
The geometry of the Cosmic Web
In this subsection we illustrate how to measure characteristic scales for the cosmic web, defined as the percolating structure identified by our TLT. The variation of its mass and volume fractions with ρ thresh have been discussed above. For the MS case which gives the best statistics, the former increases from 24% to 80% and the latter from 0.4% to 7% as ρ thresh / ρ drops from 6 to 1 (see Figure 6 ). In Figure 8 we show one layer of a 1024 3 Cartesian grid spanning the full MS volume. We colour black every cell that contains at least one particle belonging to the percolating object for ρ thresh = 5.25 ρ . (This object contains mass and volume fractions of 35% and 0.62%, respectively). Clearly, this thin slice intersects the (single) percolating object many times. Indeed, defining two black cells in such a slice to be part of the same intersection if Figure 7 . A plot of the same quantities as in Figure 6 but here for the MSII. The smaller box size means that the jump in mass of the largest object is considerably smaller at percolation than in the MS.
they share a face, we find that, on average, a slice intersects the cosmic web 618 times. Thus the mean distance between such intersections is 20.1h −1 Mpc. This characterises the spacing between filaments of the web. Given that on average black cells occupy 1.71% of the slice area, the average area of an individual intersection is (2.63h −1 Mpc) 2 . This length scale characterises the thickness of a filament. Since the web occupies 1.71% of the (gridded) MS volume, the total length of web filaments within this volume is approximately π/2 0.171 (500h −1 Mpc) 3 /(2.63h −1 Mpc) 2 = 4.85 · 10 5 h −1 Mpc, where the factor of π/2 accounts for the fact that filaments intersect a slice like that of Figure 8 at random angles. An alternative way to characterise length scales is shown by the coloured field outside the percolating object in Figure 8 . This indicates the 3-D distance from each cell to the nearest cell which is part of the percolating object. This field is called the Euclidean distance transform (EDT) of the percolating cell set, and is defined by
where W is the set of positions of all cells within the percolating object and · denotes the euclidean norm. The local maxima of this field give the radii of spheres which are entirely outside the cosmic web but touch it at four points. Thus they are locally the largest spherical voids within the web. The particular slice shown in Figure 8 was chosen to contain the highest maximum of E(x) (and hence the centre of the largest spherical void) in the MS volume, for which R void,max ≈ 50.5h −1 Mpc. 7
The properties of E(x) can be used in many ways to to quantify the cosmic web. Here, we restrict ourselves to a simple example and to a test of convergence between our two simulations. In Figure 9 we show how the distribution of E(x) varies with ρ thresh / ρ in the MS, plotting the 10%, 50% and 90% points of the distribution, as well as its maximum. At the largest threshold shown, R void,max is already significantly below its maximum possible value √ 3 × 250h −1 Mpc = 433h −1 Mpc, showing that the most massive object is much larger than an individual halo. As ρ thresh is lowered R void,max initially decreases slowly, but then drops precipitously to about 100h −1 Mpc as percolation occurs in two steps over the narrow range 6.3 < ρ thresh / ρ < 6.8. As ρ thresh is reduced further R void,max continues to decrease steeply, reaching a value of about 20h −1 Mpc for ρ thresh / ρ = 2, the smallest threshold plotted.
The median and the upper and lower decile points of the distance distribution vary with ρ thresh in a qualitatively similar way to its maximum value, but there are some notable systematic differences. The jump across the percolation transition varies substantially, from a factor of 3.5 for R void,max to factors of 6.5, 9.8 and 12.7 for the 90%, 50% and 10% points, respectively. This reflects a broadening of the distance distribution which continues more slowly as ρ thresh decreases further. The 10% and 90% points differ by factors of 2.8, 10.2, 10.3 and 11.8 for ρ thresh / ρ = 7, 6, 5 and 3, respectively. This change in shape is a consequence of the change in geometry from a single relatively compact object for ρ thresh / ρ > 9 to a volume-filling network of filaments for ρ thresh / ρ < 6. The substantial, quasiexponential drop (from 12 to 2.3h −1 Mpc) in the median distance as ρ thresh / ρ decreases from 6 to 2 is due to the growth of low-density filaments which extend from the higher density web into previously empty regions. Over this range, the total length of filaments in the MS (estimated as above) increases from 2.63 · 10 5 h −1 Mpc to 2.65 · 10 6 h −1 Mpc. Even for ρ thresh / ρ = 2 the percolating object fills only about 5% of the total volume, but the remaining 95% of the simulation is much more densely threaded with filaments than in Figure 8 .
As seen in Figure 6 and Figure 7 percolation occurs at a higher density threshold in the MSII than in the MS, and the curves showing the mass and volume of the percolating object are both shifted slightly to the right in the MSII case. As a result it is not clear how best to check for convergence of web properties between the two simulations. In Figure 10 we compare the EDT distance distributions obtained when the thresholds in the two simulations are matched in such a way that they produce the same mass fraction in the percolating object. Specifically, we choose thresholds ρ thresh / ρ ≈ {3, 4, 5} and {4, 5, 6} in the MS and MSII respectively, which leads to mass fractions of {60%, 50%, 40%} in the percolating object in both simulations. With this choice, the distance distributions agree remarkably well (apart from some small-scale discreteness effects in the MS) despite the difference in mass resolution of a factor of 125 and the change by a factor of two in the median of the EDT distribution over this range of thresholds. The longer tail to large distances in the MS for ρ thresh / ρ = 5 is clearly a reflection of its much larger volume; voids of 100h −1 Mpc diameter would not fit in the MSII simulation box. Most properties of the cosmic web as characterised by the EDT distance distribution are clearly very well converged in the Millennium Simulations.
THE ABUNDANCE OF PEAKS
The abundance of peaks as a function of their mass, usually known as the mass function, is perhaps the simplest characterisation of the population of objects defined by our Tessellation-Level-Tree. We begin by using our two simulations to compare the masses of thresholded objects, limited at various thresholds, to those of the corresponding haloes defined by the standard FoF algorithm. For the threshold which leads to the closest correspondence, we then differentiate the set of thresholded objects by their ρ lim values to understand the local environments in which they live. We close by conducting similar investigations for unthresholded objects. Throughout this section we express abundances as number densities in units of h −3 Mpc −3 . For the MS a single object implies an abundance of n = 8 · 10 −9 h −3 Mpc −3 . For the MSII the minimum number density is n = 10 −6 h −3 Mpc −3 . Median P10 Figure 9 . Variation of the distance distribution derived from the Euclidean Distance Transform (EDT) of the space external to the largest connected object in the MS as a function of the threshold density ρ thresh of its bounding surface. The blue curve shows the maximum value of the EDT (i.e. the radius of the largest spherical void) while orange, green, and red curves give, respectively, the 90%, the median and the 10% points of the distance distribution at each value of ρ thresh . Percolation is evident in the abrupt jump in these curves at ρ thresh / ρ = 6.3. The smaller jump at somewhat higher threshold is due to the merging of two objects of nearly similar size and corresponds to the lowest density at which the first and second most massive objects in Figure 6 are of similar mass.
Thresholded Peaks
We begin by discussing thresholded peaks (persistence filtered and including the mass of their subpeaks) because, as we will show, these correspond quite closely to the usual definition of haloes in cosmological simulations.
The FoF-TLT Correspondence
We consider a thresholded peak and a FoF halo (identified using b = 0.2) to be one and the same object if the peak particle of the group is a member of the FoF halo and the most bound particle of the FoF group is part of the thresholded peak. Since the FoF catalogues for our simulations are limited to halos with at least 20 particles, we only consider thresholded peaks with at least 100 particles in order to be sure that their counterparts cannot fall below the catalogue limit. Motivated by the analysis in More et al. (2011) , we consider thresholds from the set ρ thresh / ρ ∈ {60, 80, 100, 125} (more precisely 10 {1.8,1.9,2,2.1} ). These authors predict a number and resolution dependence of the bounding density of FoF objects which nicely reproduces their numerical data, and this range should cover the values they find to correspond to FoF linking parameter b = 0.2. For these four thresholds, 99.91, 99.85, 99.55 and 98.58% of the thresholded peaks with more than 100 particles are matched to a FoF halo by the above criteria. Most of the failures are due to the FoF algorithm linking the particles of the thresholded peak to a higher peak which is still disjoint according to the TLT algorithm. For the sets of matched objects, Figure 11 shows the median and scatter in the ratio of the thresholded peak mass to the FoF halo mass as a function of the former. The medians of these ratios vary more strongly with threshold at higher mass as a consequence of the lower concentration of high-mass haloes. For each threshold, the median value of the ratio decreases with decreasing mass, consistent with the trends found by More et al. (2011) . This systematic difference between FoF and TLT arises primarily from the treatment of the outermost particles. For a particle to be part of a FoF-halo it is sufficient for it to be closer than the linking length to another halo particle. To be above threshold for inclusion in a TLT peak, however, the distribution of particles outside the peak is also important, since they determine the extent of the particle's Voronoi cell. This difference results in an offset between the masses found by the two algorithms which depends on particle number through a surface-to-volume effect; details of the treatment of the outermost particle layer decrease in importance as the total number of particles increases.
For masses corresponding to at least about 1000 particles in the MS, there is good numerical convergence between the median TLT-FoF halo mass ratios found in our two simulations. At lower masses the stronger surface-to-volume effect in the MS causes the results to diverge. The relatively small scatter in the mass ratio at all masses, together with the small fraction of TLT peaks that do not have a unique FoF halo counterpart according to our criteria, shows that the two algorithms identify very similar sets of haloes. 8 For ρ thresh = 80 and large enough particle number, TLT peaks are typically assigned the same mass as the corresponding FoF haloes (for b = 0.2) with a scatter of only about 5%. Figure 11 . The median and the 16 to 84% range of the ratio of the mass of a TLT peak to that of its corresponding FoF halo as a function of TLT peak mass. Solid curves refer to the MS, dashed curves to the MSII, with different colours giving results for four different thresholds as given in the legend. The turndown in each set of curves at low mass is a surface-to-volume effect which becomes significant as the number of particles drops below about 1000. For ρ thresh ≈ 80 ρ , well resolved TLT peaks are assigned about the same mass as the corresponding FoF halo with rather small scatter.
Distribution in M -ρ lim -Space
The TLT data structure provides an additional property for thresholded peaks that is not available for the objects defined by other halo-finders, namely the limiting density ρ lim . Since this is a measure of the immediate environment of the halo, it is interesting to see how haloes of a given mass are distributed in ρ lim . In Figure 12 we show the joint distribution over mass and ρ lim of TLT peaks thresholded at ρ thresh = 80 ρ . The number densities of peaks in the MS and the MSII are compared by superimposing their sets of logarithmically spaced isodensity contours in log M -log ρ limspace. We also show (as red lines) the median value of ρ lim at each mass. The first interesting result from Figure 12 is that the median value of ρ lim is almost independent of peak mass, is well converged between the two simulations, and is close to but somewhat above the density at which percolation occurs (see Section 4.2). Thus almost half of all haloes are not part of the cosmic web as we defined it above, with this fraction declining slowly with increasing mass.
The isodensity contours for the two simulations are qualitatively similar, but with some noticeable differences in detailed structure. Above the median value of ρ lim there is good agreement when both have good statistics and resolve the haloes adequately (between about 10 11 h −1 M and 10 13 h −1 M ). In this regime the contours are nearly vertical, indicating that, at fixed mass, abundance varies only slowly with ρ lim . Abundances peak about a factor of 2 below the median value of ρ lim and then decline rapidly at lower values. This decline reflects the rapid increase in the mass of the percolating object seen in Figure 6 and Figure 7 as the threshold drops below the percolation value. The main difference between the two simulations is that this decline is significantly faster in the MSII than in the MS, as can be inferred also from the two earlier figures where the percolating object grows to large fractional mass noticeably earlier in the MSII case. This reflects, perhaps, that the low-mass filaments which connect these "isolated" haloes to the cosmic web are better resolved in the MSII.
Unthresholded Peaks
Unlike the thresholded peaks of the previous section, unthresholded peaks do not have a direct correspondence in the usual halo picture. We therefore look only at their abundance in log M -log ρ lim space and use this to investigate the effect of persistence filtering by comparing the distributions for filtered and unfiltered peaks. In contrast to the last section, we here do not include the mass of a subpeak in that of its parent. Thus the sets of peaks considered are strict partitions of all simulation particles into disjoint subsets.
To compare abundances in the MS and the MSII and to isolate the effects of persistence filtering, we show contours of constant abundance in Figure 13 and Figure 14 . The format here is identical to Figure 12 except now with many more orders of magnitude in ρ lim on the vertical axis. These two plots differ only in the application of a persistence filter (with a density ratio of 10) for the first but not for the second. They are essentially identical for masses above ∼ 10 11 h −1 M and ρ lim values below 10 4 ρ , showing that persistence filtering has little effect in this regime.
The median curves for ρ lim as a function of peak mass agree well between the two simulations and depend only weakly on mass in the case with persistence filtering. Without filtering, however, these curves turn up sharply at a peak mass corresponding to several tens of particles in each simulation. This shows that spurious peaks due to discreteness noise become significant at these masses and are present primarily at large ρ lim where they would potentially be considered as subhaloes of more massive objects.
Wherever statistics for the MSII are sufficient to judge, the agreement between the two simulations is good for peak masses above 10 11 h −1 M . Thus the statistical properties of our TLT structure appear robust and unaffected by discreteness noise in this regime. At lower masses the effect of this noise and of our persistence filter can be assessed by comparing contours for the MS and MSII. When the filter is applied (Figure 13 ), the contours for the MS change sharply in slope and start to deviate from those for the MSII at a peak mass which increases from ∼ 2 × 10 10 h −1 M at ρ lim ≈ 30 ρ to ∼ 10 11 h −1 M at ρ lim ≈ 10 4 ρ . This is the result of the exclusion of real structures of lower mass by the persistence filter. In contrast, without persistence filtering ( Figure 14) the contours for the MS rise above those for the MS at peak masses below several times 10 10 h −1 M , reflecting the presence of the spurious structures which also pull up the median of ρ lim .
At low values of ρ lim the contour shapes differ between the two simulations in the same way as in Figure 12 , and presumably for the same reason -weak sheets and filaments are better resolved in the MSII than in the MS. Persistence filtering also introduces a noticeable change in shape in this regime, reducing the slope of the contours at masses corresponding to 100 particles or fewer. Clearly many of the low-mass structures identified with low values of ρ lim have a weak contrast (corresponding, perhaps to segments of filaments rather than to haloes) and so are eliminated by the persistence filter.
A final noticeable difference between the distribution for thresholded peaks (Figure 12 ) and those for unthresholded peaks (Figure 13 and Figure 14) is the greater prominence of the abundance "spike" close to the median value of ρ lim . This is easily understood as a result of the joining of individual haloes into "superclusters" as ρ lim approaches the percolation value.
From the results in this section we conclude that a simple persistence filter does indeed help with removing spurious peaks but it also removes a significant number of real low-contrast features. For the purposes of this work it performs reasonably well, and as long as we ensure convergence with the well resolved region in the MSII or we deal with the high-mass regime of the MS we can trust our results. In practice, this means that results based on structures with more than 100 or so particles appear to be robust
DENSITY-MASS PROFILES FOR PEAKS
As a first application of the Tessellation Level Tree to characterise the internal structure of density peaks, we here briefly Figure 13 . The distribution of persistence-filtered unthresholded objects over mass and limiting density. Due to volume constraints the MSII is restricted to abundances above 10 −6 (h −1 Mpc) −3 .
Red lines indicate the median value of ρ lim at fixed mass. For these medians the two simulations agree very well at all masses and there is at most a weak trend with mass. The contours also agree well for masses larger than 10 11 h −1 M . The drop in abundance at lower masses in the MS is due to the removal of objects by persistence filtering. A similar change in contour shape is visible for the MSII at 125 times lower mass. Figure 14 . As Figure 13 but without any persistence filtering. The two simulations again agree very well at masses above a few times 10 10 h −1 M . At lower masses there is now, however, an excess of objects in the MS, due to the presence of a significant number of "noise" peaks. These noise peaks occur primarily at large ρ lim , causing an substantial turn-up in the median curves at the relevant masses.
discuss the density-mass profiles we motivated and described in Section 2.4.1.
In Figure 15 we present profiles as a function of peak mass M80 for thresholded peaks in the MS, both including (TH + (80), left panel) and excluding (TH − (80), right panel) the mass of subpeaks. Circles indicate the median value of ρ(M ), the density on the equidensity contour enclosing mass M , for simulation peaks with thresholded mass M80 lying in the ranges indicated by the colour bar to the right of the plot. Solid lines show fits using a reformulation of the NFW profile (Navarro et al. 1997 ) as a function of enclosed mass instead of radius. The bars on the lowest mass plotted for each M80 bin indicate the interquartile range of the densities at that enclosed mass for peaks with M80 in the relevant bin. Only points to the right of the two grey dotted lines (corresponding to 50 particles (vertical) and to three times the MS gravitational softening radius (slanted)) are used in the fit. The lower bound in density is set at the density threshold defining the peaks. We fit the profiles to obtain the original NFW-parameters δ and rs using the expressions for ρ(M ) derived in the Appendix. The corresponding values of NFW concentration (c200c = R200c/rs) are indicated in the appropriate colour in each panel.
We find that both cases are very well fit by NFWprofiles over the fitting range we consider. At smaller enclosed mass (and hence radius), we see a systematic departure towards lower densities as gravitational softening limits the attainable central densities. For high-mass haloes, the NFW concentration values are slightly larger in the case with substructure, while in the opposite is true for lowmass haloes. This reflect the fact that subhaloes tend to have larger typical densities than the main halo in well resolved objects, but smaller ones when particle discreteness is a limiting factor. In both cases, for well resolved haloes the concentrations are larger than found by fitting the spherically averaged radial density profiles of MS haloes (Neto et al. 2007) . This is because the averaging smooths out the subpeaks and adds their mass preferentially at large radii, hence at relatively low (averaged) density.
Interestingly, for massive objects the profile including substructure is smoother and better fit by the NFW formula than the one excluding it, which has a slight deficit in mass at intermediate densities and an excess at high densities. This reflects the fact that the highest densities resolvable in a halo are typically at the centre of its main component, whereas subhaloes contribute significantly at densities which are higher than the bounding value but typically well below the peak value. It is notable (and convenient) that the profiles including substructure are so well fit by the simple two-parameter NFW formula, since these profiles make no assumption about the spatial or geometrical arrangement of the mass at each value of the local density ρ,and so can be used to make analytic estimates of the total dark matter annihilation luminosity of haloes, including the effects of substructure and other deviations from spherical symmetry.
CLUSTERING OF PEAKS: ASSEMBLY BIAS
The limiting density ρ lim measures the density at which a peak is linked to a more massive structure, and is hence an indicator of its immediate environment. As a first example of how the TLT can be used to study the statistics of largescale structure, we now use the methods of Section 2.5 for a brief discussion of how the clustering of density peaks is biased as a function of ρ lim .
In order to compare with previous work which analysed assembly bias in the MS using FoF haloes (Gao & White 2007; Faltenbacher & White 2010) we consider thresholded peaks (including subpeaks, i.e. TH + (80)) and divide them into bins of width 0.5dex in M80. The peaks in each bin are then split into five equal subsamples according to their ρ lim values. The values of ρ lim separating these quintiles are shown as a function of M80 in Figure 16 . Consistent with the results found in Figure 12 , the values for the MSII are higher than for the MS for most M80 values. We then calculate the large-scale clustering bias b for each subsample as described in Section 2.5. The results in Figure 17 show a very strong dependence of b on ρ lim , indicating stronger assembly bias than for any known internal property of haloes. For the MS, we also present bias values for all the objects in each mass bin; these agree perfectly with those found previously for FoF haloes. Results for the two simulations agree well at low mass, but become noisy for the MSII above about 10 12 h −1 M . This is despite the fact that we only only show results for bins with at least 100 members in total in an attempt to reduce uncertainties in the halo-matter cross correlations.
The differences in bias are so large that the lowest quintile is uncorrelated with the large-scale matter distribution for masses M80 ≤ 10 13.3 h −1 M . Choosing a lower cut on ρ lim , for example, taking the bottom decile, actually leads to a negative bias, i.e. to anticorrelation with the largescale density field. Bias values are nearly constant below about 10 12 h −1 M , but start to rise substantially at higher masses. This rise begins at lower masses for the higher quintiles and becomes appreciable for the lowest quintile only above 10 13.5 h −1 M . As a result, the spread in bias at given peak mass increases with peak mass.
This behaviour reflects a mass-dependent relation between peaks and the cosmic web. Lower mass objects, corresponding to galaxy and group haloes, have values of ρ lim that extend well below that needed for percolation (see Figure 12) ; such low values correspond to objects that are not part of the percolating structure. At high masses, however, this is not the case, and almost all cluster-mass peaks have ρ lim values sufficient to attach them to the cosmic web as defined in Section 4. This is seen clearly in Figure 16 ; while the two upper inter-quintile boundaries vary little with peak mass, the lower ones, particularly the 20% point of the distribution, rise quite strongly towards high mass.
In a forthcoming paper, we will investigate in more detail the strong assembly bias we find as a function of ρ lim , analysing its relation both to the structure of the cosmic web, and to assembly bias as a function of various internal properties of peaks.
SUMMARY AND CONCLUSIONS
We present a new data structure which we call a "Tessellation-Level-Tree" (TLT). This is defined on a cosmological N-body simulation using the densities and neighbour relations associated with each particle by a Voronoi tessel- Figure 15 . Median density of the equidensity surface with given enclosed mass as a function of that mass for thresholded peaks binned in M 80 , as indicated by the colour bar at the right. The left panel includes the mass in subpeaks (TH + (80)) while the right panel only includes mass directly under the main peak (TH − (80)). The bar on the lowest enclosed mass plotted for each profile shows the interquartile range in the equidensity values for the peaks in that M 80 bin. The vertical grey dotted line corresponds to an enclosed mass of 50 particles, while the diagonal grey dotted line corresponds to 3 gravitational softening radii. The smooth curves are NFW profiles fit to the points to the right of these lines and above the horizontal grey dotted line marking the threshold defining the peaks. Coloured numbers in each panel indicate the values of the NFW concentration c 200c for the corresponding fits. Figure 16 . Boundary values between the quintiles in ρ lim in 0.5 dex bins in M 80 for the MS (solid) and the MSII (dashed). lation of the full particle distribution. The TLT partitions the particles into disjoint subsets, each associated with a single local density peak. These peaks are then associated in a tree structure which links each one with a unique higher peak of which it can be considered a subpeak. The minimum density associated with a peak is slightly above the density of the "saddle-point" particle linking it to its higher density parent. We call the latter the peak's limiting density ρ lim . It provides an unsmoothed measure of the peak's environment, which supplements other more conventional properties such as mass, volume, shape, spin, density profile, etc. Spurious Figure 17 . Bias for the quintiles in ρ lim in mass-binned subsamples of thresholded haloes with ρ thresh = 80 ρ in the MS and MSII. The red line gives the bias of the mass-binned subsamples not split by ρ lim in the MS and the black line that of the central subhalo in FoF groups binned by FoF group mass. Only bins with at least 100 members are shown.
peaks due to discreteness noise can be removed by a persistence filter requiring the ratio of peak to limiting density, r ≥ 10, although such filtering also removes many real lowcontrast peaks. We additionally introduce the concept of thresholded peaks which are defined as connected sets of particles, all of which have densities exceeding some chosen threshold ρ thresh . This definition is quite close to that of standard "friends-of-friends" (FoF) haloes. A 2D topographical analogue would be islands on a map, where the threshold corresponds to sea level. Such thresholded peaks have properties analogous to those of FoF haloes (mass, shape, spin...) but the ρ lim value of their highest peak (which by definition must be less than ρ thresh ) provides a novel measure of the environment of the peak/halo.
As a first application of the TLT we looked at the total mass of all thresholded peaks and at the mass of the single most massive one as a function of threshold, ρ thresh . While in both the MS and the MSII the total mass increases smoothly with decreasing threshold, the mass of the largest structure grows very rapidly at a percolation transition which occurs at ρperc ≈ 7 ρ in the MS and at ρperc ≈ 9 ρ in the MSII. At lower thresholds the largest object can be considered as defining the cosmic web and the mass of the second and lower ranked objects decreases rapidly as they progressively join it. The MSII percolates at slightly higher density because its smaller particle mass allows weaker high-density filaments to be resolved. Percolation is also less pronounced in the MSII, as its smaller volume results in a lower contrast between the mass of the web and that of the largest isolated peaks. In both simulations, percolation sets in when thresholded peaks account for a volume fraction V (ρ ≥ ρperc)/Vtot ≈ 0.01 and a mass fraction M (ρ ≥ ρperc)/Mtot 0.7, hence have a mean overdensity of about 70.
A different picture of the percolation process is provided by the Euclidean Distance Transform (EDT), the distribution of distances from random points outside the largest connected structure to the closest point within the structure. This distribution changes shape at percolation as the largest object shifts from being of finite size to being space-filling. For ρ thresh < ρperc the EDT characterizes the size distribution of the low-density regions enclosed by the web, and it is remarkable that when parametrised by the volume fraction occupied by the web, it is very well converged between the MS and the MSII despite the factor of 125 in mass resolution between the two simulations.
We compared thresholded peaks in our two simulations with FoF haloes defined using the standard linking length b = 0.2. For appropriately chosen ρ thresh (≈ 80) the correspondence is very good and the great majority (> 99%) of TLT peaks with mass of more than 100 particles can be unambiguously associated with a FoF halo with very similar mass; the scatter in the mass ratio is only about 5%.
We also introduce "density-mass profiles" as a new tool for studying the density structure of peaks and haloes in Nbody simulations. These profiles plot density against mass, where at each density the mass is the total for all particles with (Voronoi-estimated) density exceeding that value. As mass increases from zero to that of the halo, density drops from its peak value to ρ thresh . This construction has some advantage over traditional spherically averaged radial density profiles. There is no smoothing, no geometrical assumptions are made, and the profile can be used straightforwardly to estimate the annihilation luminosity of a halo accounting for all substructure resolved by the simulation. These profiles turn out to be well fit by simple NFW formulae, although with slightly different parameters as a function of halo mass than found for standard radial density profiles.
Finally, we investigate the large-scale clustering bias of thresholded peaks as a function of limiting density ρ lim . At given peak mass, clustering varies very strongly with ρ lim . Indeed, for FoF-like objects, the assembly bias effect we find for this quantity is stronger than that for any known internal property of haloes, and is comparable to the strongest known effects as a function of environment (e.g. Ramakrishnan et al. 2019) . At given peak mass, the bottom quintile in ρ lim is uncorrelated with the large-scale density field for M peak = 10 13.5 h −1 M .
Our future work with the TLT will focus on the three applications already outlined in this paper, the bias of the peaks, their internal density structure, and the structure and geometry of the cosmic web, as represented by the percolating isodensity surface. Regarding assembly bias as a function of ρ lim and the density structure of peaks, it will be interesting to see how these imprint themselves on the properties of the galaxies residing in the peaks, and whether this can provide further understanding of the connection between the properties of galaxies and their larger scale clustering. Figure A1 . The relation between the NFW-concentration c X and the mass ratio ca of the contents of two isodensity surfaces with a density ratio η, where the lower of the isodensity surfaces lies at β times the NFW reference overdensity δ X .
for different values of η. We find that different choices of η give different locations of the region of steepest ascent for ca. Depending on the objects of interest certain η values should give more precise connections. In the case of unthresholded haloes we want to compare their concentrations defined in relation to a common overdensity, despite them existing over very different mass ranges.
By fitting such an NFW-profile in density/mass-space, we can find an equivalent concentration value for each object at a given density.
